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A speculation concerning regular ternary forms
Informal memo -- not for publication

1. Introduction. The speculation reported here arose a couple of weeks ago. Although it

may be premature I decided to share it with people interested in regularity of ternary forms. If
nothing else, it mab&e helpful as a framework for thinking about the problem If proved, the
£

speculation would go a long way toward classifying regular odd ternary forms: one would

4 12,13
start with Watson's list of square-free ones in [/\] and climb up till regularity expires.
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Needless to say, at the time of writing the speculation is consistent with all the facts

nown to me. (gl /il : to ehpentiTion delda sp § ditrimirand #0)

2. Terminology. Although case distinctions are ugly, I find it helpful to treat "odd" and
"even" forms separately. In my opinion a shotgun wedding is not cost effective here. So:
ax”2 + by”2 + cz"2 + dxy + exz + fyz is even if d, e, f are all even and odd otherwise. As for
discriminants, for even forms I use the determinant of the obvious attached matrix; for odd

o
forms I f’l\low Brandt and Intrau [i4] by using half the determinant of the doubled up form. Thus
e
the even form x*2 + y*2 + z*2 has discri/r\lant 1 and the odd form x2 + y~2 + z2 + xy + xz has
. T

discrinant 2.

~

For brevity, a "form" is alwalg a positive definite ternary form.
N

3. Speculation. Suppose that D is the discriminant of a regular odd form and that p*2
divides D, p a prime. Then if p is odd I speculate that there exists a regular odd form of

discriminant D/p; if p = 2 I speculate that there exists a regular odd form of discriminant D/},
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Remark. The stronger statement that one can pass to any divisor of D is too strong:

there are regular odd forms of discriminants 52 and 78 but none of discriminant 26. However,

exceptions seem to be few.
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5. Even forms. For even forms things are different: for instance, there is a regular even

form of discriminant 52 but none of discriminant 13. Also: there is less information available.
So I am not proposing a speculation at this time.

What regular forms are known? In addition to those alone in their genera let us set aside
the 102 diagonal ones found by Jones in his thesis [5]; for details see [2, pp. 112-113] or [6].
To shorten the list still further let us also delete those forms that become diagonal when
k(x"2 + xy + y"2) 1s replaced by k(x*2 + 3y~2). Then I only know two! One is the form
x"2 + 2y"2 + 2yz + 13272 of discriminant 25, proved regular by J agL}‘r/:m 'll'he other is the form

5xA2 + 2xy + 5y"2 + 722”2 of discriminant 1728, proved to be regular at the end of [6], by an
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