Final exam / 2017.12.11 / MAT 4233.001 / Modern Abstract Algebra

1. Let m € N and mZ = {mk: k € Z}. Prove mZ is an ideal of Z. Conversely, prove that
any ideal of Z is of this form.

() D=m0emZ
() G e X,‘} cm 2
Tl b x=mko gem
mléﬂwklcml{&_k')émz
mg < Z
((-‘.'.) ‘@ Xf'""‘—z‘, \a@ Z-IH\CV\ 7
qk X:""‘IQ,S” xa:w’k\a EV"\L
L2 s am el o2,

w—y =

v o

CﬁMVf/);c,la S ppode H < 2, then &y
ACE dafw"}ud\'w Heovem fon 02/_[,-(. groups
H C?Iclrc, . Heow 2 (o dmem:
(L m 20, replae w by =D
Direet proof: 1E H= 307 Haw HooZ S 1§ ot

the S=SheH k>oT#P. (’ﬂ@"“""’r"‘“_’zkw”)

Wel ovderyey ?n'nc.‘rlc - Jwms min S Lehesrt

D§v.&\di Flq,r Rewmqg+r , 0£r=m

o k-m9q EH . rine =m, rgls’ Lpzo . Rewa
¢H ¢€H L Hezm g

THE UNIVERSITY OF TEXAS AT SAN ANTONIO



2. Suppose a = (1,6,2,5,3)(4,7,3,5,1,2)(2,6) is a permutation (in cycle notation). What
is the order of a? What is the parity of a? Express o*** as a product of disjoint cycles.
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3. Prove that the set of all rotations in the dihedral group D,, is a normal subgroup of D,,. 2
Exhibit a subgroup of Dy that is not normal. Explain. ﬁ
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4. How many group homomorphisms are there from Z to Z,? How many of them are
one-to-one? How many of them are onto?
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5. Suppose G is finite group of order n and a € G. Prove that a = e. What can you
conclude about the order of a, if n is prime? What can you conclude about groups of
prime order?

By Lu(']vma,ck Hhesrenn o= l<“>, dovede, | 6]
( ‘G‘lzléab]'y_c‘7<a>.} )

£ /mdeaxe Ccell o€ 73
l&l% = h Qn;(&\al>‘t: quc <

(L n i f‘)n’me) [a]:[ o /A{:n

4 a1zl , aze & (4 1al=n, =D

el G‘\oh(.)d OJ— 7%»»«(. ~Aer  are c‘;lc,lfc.
s~ A Obvua V\0V1€T/:V7:"Q -L(Um'-v\{' j/,ntra’\'ta 6‘

= G= 2.,
(Alw G 7 S\'wrlc>

THE UNIVERSITY OF TEXAS AT SAN ANTONIO



6. Let C* denote the multiplicative group of nonzero complex numbers. Define ¢: R— C*
by ¢(t) = e?™. Prove that ¢ is a group homomorphism. What are its kernel and image?
What conclusion can you draw from the First Isomorphism Theorem?
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7. Suppose F'is a field and p is polynomial in F'[z] of degree 2 or 3. Prove that p irreducible
if and only if p has no roots in F. Give an explicit counter example for degree 4.
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8. Let J be the ideal generated by = and 3 in Z[x]. Prove that J is a maximal ideal.
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