Final exam /2022.5.11 / MAT 1313.002 / Algebra and number systems

Name:

Please show all work.

1. (a) If P,@Q, R are propositions, use a truth table to prove that
PAQVR)< (PAQ)V(PAR)

(b) If X,Y, Z are sets, prove that XN (YU Z) = (XNY)U(XNZ)
2. Consider the Diophantine equation 15x — 24y = 9

(a) Find the general integer solution to the equation.

(b) Find three distinct particular integer solutions to the equation and sketch
them in the plane.

3. Find all simultaneous integer solutions to the system of equations
2x = 4mod9
3z =8mod 11
4. A sequence a,, € Z,n > 0 is defined recursively by ag = 3,a; = 10 and for a > 1
Ay = (Qp_1 — 12a,,_o

(a) Compute a,, for n <6
(b) Prove by induction that a, = 2-3" 4+ 4" for all n > 0

5. Let p € Z[z], p(x) = 2 — 2 +  — 1. By inspection p(1) = 0. Use this to find all
complex roots of p and sketch them in the complex plane.
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