
Poisson summation formula
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Proof: Let h(x) =
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Theorem: {ϕ(x − k) : k ∈ Z} is an orthonormal set ⇔
∞∑

k=−∞

|ϕ̂(ω + 2πk)|2 = 1

Proof: Let ϕ ∈ L2(R) and let ϕk = ϕ(x − k).

Let g(ω) = |ϕ̂|2 and h(ω) =
∞∑

k=−∞

g(ω + 2πk) =
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|ϕ̂(ω + 2πk)|2.

Then h is 2π-periodic and by the Poisson summation formula, its Fourier coefficients are ĥn =
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ϕ(x)e−iω(x+k) dx = e−iωkϕ̂, so by Plancherel’s theorem
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Thus, 〈ϕm, ϕn〉 = δmn ⇔ ĥ0 = 1 and ĥn = 0 for n 6= 0 ⇔ h(ω) ≡ 1
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